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This paper explores shape comparison for genus-one surfaces, namely tori,
through an intrinsic metric on their shape space. While metric structures
for 2-spheres are well established, extending them to tori is substantially
harder, due to their nontrivial topology and the absence of conformal dif-
feomorphisms in general. Drawing on Teichmiiller theory, we formulate an
algorithm that minimizes a distortion energy over diffeomorphisms within
a canonical homotopy class to compute a metric on the shape space of
Riemannian tori. This produces both a pairwise distance and an optimal,
landmark-free correspondence. On the computational side, we discretize this
energy on triangulated tori and optimize it directly in a pair of fundamental
domains. A key theoretical contribution is a convergence theorem show-
ing that the discrete energy converges to the smooth metric energy under
mesh refinement. Experiments on flat tori, tori of revolution, and real-world
scanned surfaces show that the method captures natural geometric variation
and provides a robust tool for genus-one shape comparison.
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1 Introduction

Comparing the shapes of surfaces is a fundamental problem in com-
puter graphics, with broad impact on shape registration, retrieval,
and blending. Central to this problem is the definition of a meaning-
ful distance or metric between shapes. A metric on a shape space
assigns a real value to each pair of shapes that quantifies their geo-
metric dissimilarity while satisfying positivity, symmetry, and the
triangle inequality. Such a structure enables pairwise comparison
and supports distance-based analysis methods, including cluster-
ing, low-dimensional embedding, and topological data analysis. As
an intrinsic metric, it has the advantage of being able to detect
similar objects that exhibit extrinsic deformation, such as flexible
biomolecules or objects in different poses.

In this work, we introduce a new computational framework for
generating a stable and consistent metric on the shape space of
genus-one surfaces that is derived as the minimizer of an energy
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Fig. 1. Our method generates a pairwise distance matrix for five tori of rev-
olution with increasing minor radii, representing approximately a geodesic
in the shape space.

function. Our method is landmark-free, avoiding the need for man-
ually or automatically selected correspondences, which are often
expensive to generate or compute and sensitive to noise. A central
theoretical contribution is a convergence theorem showing that the
discrete energy optimized in our algorithm converges to the smooth
metric energy under mesh refinement, thereby connecting the nu-
merical scheme to the continuum shape-space metric. When applied
to a synthetic family of tori of revolution with increasing minor radii,
the resulting pairwise distance matrix yields a linear embedding of
the family into the real line, as seen in Figure 1. This correspondence
exhibits a natural alignment consistent with geometric intuition.

A metric on a space X is a function d : X X X — R satisfying
three properties for all x,y,z € X:

(1) posITIVITY: d(x,y) > 0 with equality if and only if x = y;
(2) sYMMETRY: d(x,y) = d(y, x);
(3) TRIANGLE INEQUALITY: d(x,z) < d(x,y) + d(y, z).

Collectively, these properties make the metric structure suitable for
the shape comparison problem: symmetry ensures independence
from the order of measurement, positivity guarantees that shapes
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with different geometries are distinguishable, and the triangle in-
equality provides robustness to noise, implying that two nearby
objects have approximately the same distance to a third object. Each
of these properties plays an important role in applications.

Hass and Koehl [2017] constructed a metric on genus-zero shapes
by finding optimal conformal diffeomorphisms between two shapes.
This has been applied in biological shape analysis, including measur-
ing the roundness of proteins [Hass and Koehl 2014] and generating
the evolutionary trees of primates based on the shapes of their bones
[Koehl and Hass 2015].

Similar tools for higher-genus surfaces remain scarce due to the-
oretical and computational difficulties. There is no conformal dif-
feomorphism between an arbitrary pair of tori, and this forces a
search for an optimal correspondence over the full group of dif-
feomorphisms. Cutting a torus along a pair of loops to produce
a planar domain requires choosing a pair of curves that generate
homology classes and intersect at one point. Different choices can
lead to different correspondences and distortions, making consistent
comparisons more challenging.

Nevertheless, a metric structure on the shape space of tori can
be constructed using the energy functional over diffeomorphisms
defined formally in Equation 1. Its two terms measure area and
angle distortion. As established in [Luo 2021], minimizing it over
diffeomorphisms in a fixed homotopy class defines a metric on
the shape space of Riemannian tori. For flat tori, the minimizer
is the Teichmiiller map, and the resulting metric is the classical
Teichmiiller metric; see Section 4.2 for the details.

The choice of this energy functional is motivated by both theo-
retical and practical considerations. Somewhat surprisingly, finding
an energy that satisfies the metric property is highly restrictive.
It can be proven under some natural assumptions on the energy
functional that if we restrict to a conformal class of metrics, the
first term in Equation 1 is the unique metric structure up to scaling.
Therefore, it is natural to combine it with the Teichmiiller metric,
which measures distance between conformal classes, extending the
Teichmiiller metric from the space of flat tori to arbitrary genus-one
shapes. From a practical perspective, the two-term structure allows
us to separately control and interpret area and angle distortions,
which helps explain geometric differences between shapes.

In implementing the computation of this energy and metric we
work with discretized surfaces. To address the computational chal-
lenges, we introduce a framework that directly optimizes vertex
positions in a fundamental domain while maintaining a homotopy
class. We discretize the energy functional by computing the singu-
lar values A; and A, of the differential df for each triangular face,
enabling efficient evaluations of area and angle distortions. Our
approach can be defined briefly as follows. Starting with two tori de-
fined by triangulations of their surfaces, we parametrize them using
the unit square [0, 1]2. We optimize a map between their parameter-
izations using gradient descent. In Figure 2 the bottom row shows
the map f between fundamental domains, and the composition
f=¢20 f o ¢! gives the map between tori. By averaging gradient
vectors at boundary vertices that are identified by the quotient map,
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Fig. 2. An example of a map between two tori. Two maps ¢, and ¢, are
parameterizations of two mugs from the unit square. The red and blue loops
are the two canonical homology generators. The map ﬁ induces the map f
between the two tori.

we ensure that the consistency of boundary identifications is main-
tained throughout optimization. This process preserves the initial
homotopy class.

Contributions. Our main contributions are as follows.

o We formulate genus-one shape comparison as the computa-
tion of a metric on shape space, rather than as a registration
problem. The resulting metric has the desirable properties of
positivity, symmetry, and the triangle inequality.

We prove that under mesh refinement, the discrete energy
computed by our algorithm converges to the smooth metric
energy.

We introduce a direct optimization framework in torus fun-
damental domains that preserves the initial homotopy class.
This avoids the PDE-based machinery used in registration
methods.

We validate the method on flat tori, tori of revolution, and
real-world scanned genus-one surfaces, showing stable behav-
ior under measurement and useful discrimination between
shapes.

Related Work. While the literature on shape comparison is exten-
sive, especially for planar regions and the 2-sphere, much less is
known about distances between high-genus surfaces. We therefore
focus on parametrization and registration methods, which are the
closest alternatives to metric-based comparison in our setting.

Computing surface parameterizations is a fundamental problem
in computational geometry [Floater and Hormann 2005]. Parametriza-
tion is difficult for high genus surfaces due to their complicated
topology and intrinsic geometry, often involving cutting surfaces to
disks [Campen et al. 2019]. By the celebrated uniformization theo-
rem, any torus with a Riemannian metric is conformally equivalent
to a flat torus, locally parametrized by the Euclidean plane, and



any surface with genus at least two is conformally equivalent to a
hyperbolic surface, locally parametrized by the hyperbolic plane.
Algorithms have been developed to compute these conformal maps
[Gu and Yau 2003; Jin et al. 2008]. On the other hand, discrete har-
monic maps provide a more flexible method to parametrize high
genus surfaces locally from the Euclidean plane [Bright et al. 2017;
Gortler et al. 2006; Wang 2025] or orbifolds [Aigerman et al. 2017;
Aigerman and Lipman 2015, 2016]. These results generalize the orig-
inal idea of Tutte’s embedding via barycenters of interior vertices
with convex boundary conditions [Tutte 1963].

A variational method [Lui and Wen 2014; Wen et al. 2015] reg-
istered high-genus surfaces by minimizing an energy involving
geometric features such as mean and Gaussian curvature. It com-
puted an optimal correspondence by solving PDEs on a covering
space. The Teichmiiller extremal mapping was applied to genus-one
surfaces for landmark-driven torus registration [Lam et al. 2014],
minimizing harmonic energy through quasi-conformal iteration.
This was used for medical image analysis [Lam et al. 2015]. While it
provides bounded-distortion mappings, it targets specific registra-
tion tasks that require landmarks. Dirichlet-energy minimization
under uniformization metrics has been used to compute correspon-
dences between surfaces of arbitrary topology [Li et al. 2008], with
a recent structure-preserving discretization developed for closed
surfaces of genus at least two [Zhu et al. 2025]. These methods
return optimized harmonic maps in prescribed homotopy classes.
In contrast to our energy, none of the above methods provide a
distance between surfaces satisfying the symmetry and triangle
inequality properties.

Gromov-Wasserstein (GW) comparison treats shapes as metric-
measure spaces and computes soft probabilistic correspondences
[Mémoli 2011; Solomon et al. 2016]. The method operates on within-
shape distance matrices and probability weights, so the inputs need
not share the same number of samples, combinatorial structure, or
topology. Our experiments later show that entropic GW detects
geometric changes but is sensitive to sampling and subdivision.

Several Riemannian approaches can compare shapes by minimiz-
ing deformation energy along paths [Kilian et al. 2007]. Discrete
shell metrics derive this energy from membrane and bending de-
formation [Heeren et al. 2014, 2020]. Second-order Sobolev metrics
provide a separate path-energy model on immersed surfaces [Hart-
man et al. 2023]. These methods involve both intrinsic stretching
and extrinsic deformation, but generally require meshes of the same
triangulation as the input.

We provide an open-source implementation of our method at
https://github.com/YuanL12/tori-comparison.

2 Metrics in Tori Shape Space
2.1 The Smooth Case

We summarize our underlying mathematical theory in the setting
of smooth surfaces. Our approach to comparing a pair of genus-one
surfaces is based on measuring the distortion of an optimal diffeo-
morphism between them. Because we compare shape rather than
scale, we normalize all surfaces to have unit area. The framework
can be extended to shapes with scale when needed.
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Given two tori with Riemannian metrics (S, g) and (S, h), we
define an energy functional that quantifies how much a diffeomor-
phism f : (S,9) — (S, h) distorts the geometry. The energy of a
diffeomorphism f : (S,g) — (S, h) is defined to be

B = [ - vda, 4 5o 2

Here A; and A, are the singular values of the differential df at each
point. These are the stretch factors of f at each point, computed
with respect to orthonormal bases in the tangent spaces equipped
with Riemannian metrics.

The energy E(f) consists of two terms, each measuring a different
aspect of geometric distortion:

e Area distortion term: The first term ./ /S(\Ml/lz —1)2dA,

measures how much the diffeomorphism distorts area. The
quantity A; A, represents the Jacobian determinant, equal to
the local area scaling factor: when 414, = 1, the map is area-
preserving at that point. This term integrates the squared
deviation from pointwise area preservation over the entire
surface, giving a global measure of area distortion.

o Angle distortion term: The second term %|| log % ||co mea-
sures how much the diffeomorphism distorts angles point-

A

wise. The ratio - captures the local anisotropy: at points

where i—l = 1, the map is conformal, namely, angle-preserving.
The logarithm converts this ratio into an additive measure,
and taking the L™ norm captures the largest angle distortion
across the surface.

A marking records how a torus is identified with a fixed reference
torus. Let X be a reference topological torus. A marking of a torus
S is an orientation-preserving homeomorphism ¢ : X — S, and
a marked Riemannian torus is a triple (S, ¢, g). For two marked
Riemannian tori (S1, Y1, g1) and (Sa, 2, g2), we minimize the energy
in Equation 1 over diffeomorphisms f satisfying the homotopy
condition foy; = i),. In particular, the markings select the homotopy
class of §, o ;! : S; — S,. For any torus embedded in R?, there
exists a canonical choice of meridian and longitude. In the one-point
compactification of R?, namely the 3-sphere S%, the complement of
an embedded torus consists of an open solid torus K and an open
manifold containing the point at infinity. The meridian bounds an
embedded disk in K, and the longitude is homotopic to the core curve
inside K, which generates its fundamental group. Given oriented
meridian-longitude bases for two marked tori, there exists a unique
homotopy class of homeomorphisms sending the oriented meridian
and longitude of the first torus to those of the second.

The distance between two marked Riemannian tori is defined as
the infimum of the energy over this class:

d((sl’ 1//1,91), (SZ’IPZ’gZ)) = inf 1 E(f)’ (2)
N2

where the infimum is taken over diffeomorphisms f : (51,91) —
(S2, g2) in the selected homotopy class. It was established in [Luo
2021] that this defines a metric structure on the space of marked
Riemannian tori.
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2.2 The Discrete Case

A triangulation of a surface is a decomposition of the surface into
faces A;jr, where each face A, jx is a triangle with vertices v;, v;, and
k. The triangulated tori Ty and T; may have different numbers of
vertices and need not have compatible connectivity. The homeo-
morphism f : Ty — T; is not required to be simplicial: vertices of T;
may map to arbitrary points on T, and source edges are mapped
to geodesic paths connecting their mapped endpoints. The energy
function defined above can then be discretized as

ED<f>=J 3 (VBB ~ 1) Al
A

ijk€h
A(Aiji)
A2 (Aiji)

where A, ji is a face of T; and A(A;jy) is its area. The surface points
f(v:), f(vj), and f(vr) on T, are represented by their face indices
and barycentric coordinates. They form a geodesic triangle f(A; k)
in T, that can contain vertices of T,. We approximate this geodesic
triangle by a Euclidean triangle with the same three pairwise intrin-
sic geodesic distances. We then approximate f|,;, as an affine map
with singular values A; (A;jx) and A2(A;jx). This approximation al-
lows us to express A; (Ajjk), A2(A;jk), and hence the discrete energy
solely in terms of edge lengths on T; and geodesic lengths on T;.
Computationally, let L;, L,, L3 be the edge lengths of the domain
triangle A; jx, with opposite angles a, B, y. Let 1, I, I be the corre-
sponding pairwise geodesic distances between f(v1), f(v2), f(v3);
these lengths determine a Euclidean triangle. There is then a unique
affine map from A, j to this Euclidean triangle. We define A; (A;jx)
and A3 (A;jk) to be the singular values of this affine map. Then set
D(Aijk) = /1% + A%’ R(Aijk) = /11/).2 and P(Aijk) = A1A;. We have

1
+—- max

lo
2 AjjreT &

>

1
D(Aiji) = eV (I cota + I cot B + IZ cot Y)

and

C(C—Ly) (C—-Ly) (C—-Ls)’

where A is the area of A;j;, C is its semiperimeter, and c is the
semiperimeter of the image triangle. The formula for D is given in
Lemma 5 of [Pinkall and Polthier 1993], and P is the area ratio of
the two triangles computed by Heron’s formula. Then we can solve
Rby

P(aijr) = Mz :\/ c(c=h)(c-h)(c-k)

b, [(Dy_
(R+1)P=D o g N TF (7) : 3)
R 2

In summary, this gives a discrete energy depending only on edge
lengths:

Ep(f) = ¢ Z (, [P(2iji) — 1)2A(Aijk)+% AI,-lianTl

Aijk€h

log R(4ijk)

4

We now state the convergence theorem for the discrete energy

and defer its proof to Section 5. The statement and proof do not rely

on the genus-one assumption: they hold for any connected closed
orientable Riemannian surface (S, g).
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Theorem 2.1. Let (S, g) and (S, h) be two Riemannian surfaces,
andlet f : (S,g) — (S, h) be a diffeomorphism. For any € > 0, there
exists a § > 0 such that the induced discrete energy Ep(f) above,
computed from any geodesic triangulation on (S, g) with maximal
edge length smaller than § and minimum angle at least /5, satisfies

[E(f) - Ep(f)l <e.

2.3 The Symmetrized Discrete Distance

In practice, we observe a small discrepancy between the minimized
discrete energies miny.z; 7, Ep (f) and ming.r,.1; Ep(g). We do not
expect the exact symmetry ming., 1, Ep(f) = ming1, 7, Ep(9).
This discrepancy is not solely a floating-point effect: reversing the di-
rection changes the number of vertices and faces as well as the area
weights in Ep, so the two directions give different finite discretiza-
tions of the corresponding smooth maps. Real meshes may also
violate the assumptions on angles and edge lengths in Theorem 2.1,
while approximating geodesic triangles on triangular meshes by
Euclidean comparison triangles introduces further discrepancies.
The convergence theorem implies approximate symmetry under
dense, shape-regular refinement of triangulations rather than exact
symmetry at a fixed resolution. Section 4.5 examines this behavior
experimentally. Thus, we define the symmetrized discrete distance
between two triangulated meshes T} and T, as
ming.g, 7, Ep(f) + mingz, -7 Ep(g) s
) NG
The importance of symmetrization was elaborated in [Abulnaga
et al. 2023].

de(T1, T,) =

3 Algorithm and Implementation Details

To minimize the discrete energy function Ep(f) defined in Equa-
tion 4, we optimize the map f : T; — T, by working on the fun-
damental domains rather than directly on the tori. Specifically, we
parameterize both tori Ty and T; to their respective fundamental
domains F; and F,, then optimize a map f : F; — F, between these
domains. The composition ¢, o f o ¢! gives us the desired map f
between the tori, as illustrated in Figure 2.

Our optimization framework in Algorithm 1 can be summarized

as follows:

(1) Find piecewise linear parameterizations ¢; : F; — T; and
¢ : F; — T, for both tori, where F; and F, are fundamental
domains and the parameterizations are chosen to give the
desired homotopy class. See an example in Figure 2.

(2) Initialize the map f, : R? — RZ as the identity map.

(3) Iteratively optimize by computing the energy Ep(f;) and its
gradient, then updating vertex positions via gradient descent
while ensuring boundary consistency and injectivity con-
straints.

We now discuss these three key steps in detail.

3.1 Parameterization

For a torus T embedded in R3, we first find two canonical homol-
ogy generators, the oriented longitude and meridian, using [Dey
et al. 2013]. See the red and blue curves in Figure 2. These canonical
choices provide a natural marking on any torus embedded in R3. We



Algorithm 1 Gradient Descent Optimization on Fundamental Do-
main

Input: Two triangulated tori Ty and T;
Output: Optimized energy Ep(f) with its minimizer f = ¢, o f o
¢—1

1: Iriitialize two piecewise linear parameterizations ¢, : F; — T
and ¢, : F, — T, from the unit square to the two tori T; and T,
with square edges corresponding to canonical generators.

2: Store the attaching mapping O as a collection of vertex index
sets, where each set S € O contains either 4 or 2 vertices (the
corner or the other boundary vertices)

3: Initialize f; =Id

4: for iteration i = 0,1, 2,... until convergence do

5. Compute the energy Ep = Ep(f;) for the map f; = ¢, Of,- og;!

{see Equation 4}
6:  Compute the face flip penalty by the signed area: Ly, <
Zfaces Aijk maX(O, _Signed area(Aijk))

7. Augment energy: Ep < Ep + ALg, {large penalty weight 1}

8:  Compute energy gradient VEp (v) for each vertex v € ﬁ(Fl)

9: VFE)(U) «— VEp(v) forall v

10:  for each vertex set S € O do {Average gradient vectors on
all attaching points}

11 VEp(v) « 75 Zoes VEp (o) forallo € S

122 end for

13 Update vertex positions as fi41(F1): 0 < 0 — nVEp (0)

14: end for

can also prescribe a homotopy class manually: Section 4.3 reports
an experiment using a different homotopy class. Other cut systems,
including greedy homotopy or homology generators [Erickson and
Whittlesey 2005], are admissible when they yield a fundamental
polygon with the required side identifications. However, the greedy
basis alone does not guarantee that its loops are disjoint away from
a single common base point, so further processing may be needed
to obtain the standard fundamental polygon used by our parameter-
ization.

Next, we cut the mesh along those edges into a topological disk
while storing the attaching map. We evenly distribute the vertices
of the longitude loop along the bottom and top edges of the unit
square, and those of the meridian loop along the left and right edges.
The four copies of the unique intersection point are pinned at the
four corners of the unit square.

To compute planar vertex coordinates, we use these boundary
points as boundary conditions for Tutte’s embedding of the cut disk
with uniform edge weights [Tutte 1963]. An example is shown in
Figure 2. This embedding induces a piecewise linear parameteriza-
tion ¢ : F — T, such that any point on F can be mapped by locating
the face containing it and using barycentric coordinates to map it to
the corresponding face on T. The algorithm for finding barycentric
coordinates is described in Algorithm 2 of [Koehl and Hass 2013].

Using the computed linear parameterization ¢ : F — T, we can
map any point in the fundamental domain F to the torus T. If a point
lies outside the unit square, ¢ first reduces its coordinates modulo
the unit square and then maps the resulting point to T.
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3.2 Computing the Energy

As discussed in Equation 4, the energy of themap f : T} — T,
depends only on the domain edge lengths L; on T; and the image
edge lengths [; on T,. For an edge e = (u,v) on Ty, its image is the
piecewise linear path between the two points f(u) and f(v) on T,.
In our formulation, edge lengths on T, are given by the geodesic
distance computed with [Sharp and Crane 2020].

3.3 Minimizing the Energy: Gradient Descent

We minimize Ep (f) through f = ¢, 0 f o $7!, where we store and
update the 2D vertex positions of f (F;) on the fundamental domain
F, and then map them back to T via ¢;. The gradients VEp, are taken
with respect to these vertex coordinates, so each vertex receives a
2D gradient vector through the chain rule. This process requires
addressing the following issues.

Boundary consistency. The first concern is ensuring that f (F1)
remains a valid fundamental domain, which requires that the bound-
ary edges are equivariant and can be properly identified with each
other via integer translation. To achieve this, for each boundary
point in f (F,), we take the average of the gradient vectors at all
corresponding points. Specifically, except for the corner vertex that
has 4 copies, all other boundary vertices have two gradients directly
from VEp. We assign the average gradient vectors to the shared ver-
tices, ensuring that identified boundary vertices move in the same
direction with the same step size. Moreover, by maintaining the
boundary constraints and moving boundary vertices consistently,
our gradient descent optimizes the energy within the fixed initial
homotopy class.

Injectivity. We need to guarantee that the map f; = ¢, o ﬁ oyt
is injective. Non-injectivity can arise when faces in f(F;) cross
each other, causing face flips and preventing f from being a home-
omorphism. We add a large penalty term to forbid such face flips.
Specifically, for an oriented face A; jx in f (F;), we compute its signed
area SArea(A;jx) = %(xj —X;) X (X —X;). A negative value indicates
an orientation reversal. To handle numerical precision, we apply
the penalty only when the signed area falls below a threshold of
€ = 1071, with a small regularization term to prevent gradient van-
ishing. Thus, each flipped face contributes a penalty to the energy
by Ep « Ep + 10® - (| SArea(A; ;)| + 10’10)2. In our experiments,
this penalty is triggered only rarely and mainly acts as a safeguard
during optimization.

Maximum and subgradients. The maximum function in Equa-
tion 4 is non-smooth. PyTorch handles this issue by using a subgradi-
ent, where only the face with maximum angle-distortion contributes
to the gradient. We also tested LogSumExp as a smooth approxima-
tion. However, our experiments show that LogSumExp accelerates
energy convergence only on flat tori and does not consistently im-
prove computations on 3D tori.

Stopping criteria. The gradient descent stops when the energy
converges. Our method attains stable convergence using plateau-
based stop criteria and adaptive step-size control. In practice, we
stop when the relative improvement in the energy stays below 107>
for 5000 iterations. If the energy fails to decrease by at least 1072 in
relative terms for 3000 iterations, we halve the step size.
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Nonconvexity. We have not established that the objective is
convex, and it is likely nonconvex, so the optimization may converge
to a local minimum. In practice, we can compare the optimized
directional values Ep(f : Ty — T3) and Ep(g : T, — Ty). Since the
smooth global minimum is symmetric, similar minimized values of
Ep(f:Th » T;) and Ep(g : T, — T;) provide evidence that we
have reached a global minimum, as shown in Section 4.5.

Existence of a Minimizer. For the discrete energy Ep(f), a min-
imizer exists. Once we fix the triangulation T3, Ep (f) is a continuous
function of the finitely many vertex positions in V(T;). Since the
domain and codomain are compact tori, we can conclude that a
minimizer of Ep (f) exists. However, it has not been proved that the
minimizer is a homeomorphism. In the smooth setting, the space of
diffeomorphisms is infinite-dimensional, and the existence question
is more complicated, which can be found in Theorem 4.4 of [Luo
2021].

Finally, the distance results reported in the experiments are com-
puted using the exact energy in Equation 4, without the face-flip
penalty or any smooth approximation of the maximum function.

4  Experiments

All experiments were run on a personal Linux machine with a 12th
Gen Intel Core i7-12700K CPU and 31 GB RAM. We use Geome-
tryCentral [Sharp et al. 2019] for geometric processing, including
construction of linear parameterizations, and PyTorch [Paszke et al.
2019] for automatic differentiation during optimization.

4.1 Datasets

We evaluate our framework on three types of datasets:

e Flat tori: Triangulated parallelograms with opposite sides
identified to verify the convergence to Teichmiiller maps.
o Tori of revolution: Synthetic tori generated by the standard
parametrization X (u,0) = ((R+r cosv) cos u, (R+r cosv) sinu,
rsin v), with the major radius R and the minor radius . This
dataset lets us test the distance on curved surfaces with
known geometry. We also minimize the Dirichlet energy
within the same framework, showing that it does not produce
a metric on the shape space.
Thingi10K: We use eight models from [Zhou and Jacobson
2016] to demonstrate the usefulness of our framework for
practical shape comparison tasks.

We first discuss the symmetrized discrete distance defined in
Equation 5 on these datasets and then examine the symmetry and
triangle inequality of the unsymmetrized minimized energy.

4.2 Flat Tori

A flat torus is a parallelogram in R? with opposite sides identified
via translations. With one spanning vector fixed at (1,0), every flat
torus can be represented by a point (a, b) in the upper half-plane
H? = {z € C | Im(2) > 0}. In the smooth setting, by classical
Teichmiiller theory, the minimizer of our energy on two equal-area
flat tori is the Teichmiiller map, the linear transformation A between
the two parallelograms. The distance dg equals half the logarithm
of the ratio of the two singular values o7 and o, of A.
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For example, in Figure 3, we compare two flat tori T; (Figure 3a)
and T, (Figure 3b) with parameterizations ¢;(x,y) = (x,y) and
$2(x, ) = (x,0.5x +y), respectively. We initialize with f;(x, 1) =
(1-(1-x)21~-(1-1)? on the unit square. After 1000 itera-
tions, the image fo(T1) = ¢, © f;) o ¢ 1(T) (Figure 3c) converges
to the linear map, giving fioeo (Figure 3d). Figure 5 visualizes the
evolution of the vertices f;(F;) over iterations. Figure 4 shows that
the area-distortion term converges to 0, while the angle-distortion
term converges to the Teichmiiller distance %log(al /o3) =~ 0.24.
The orange curves are obtained by replacing the maximum in the
shape-stretching term (|| log Z—: ||eo) With its smooth approximation,
LogSumExp, and show a faster convergence rate. However, in later
experiments on 3D surfaces, we find that LogSumExp does not
improve the convergence rate of the discrete energy.

(a) Flat torus Ty

(b) Flat torus T

Vi

X

{

(c) Initial map image f; (T7) (d) Final map image fio00(T1)
Fig. 3. Comparing two flat tori Ty and T; by minimizing the energy Ep (f).
After 1000 iterations, f converges to the Teichmiiller map.

Equal-area flat tori

Area distortion Angle distortion

— max — max
LogSumexp LogSumexp
\ --- target

10°
\
6x1071

4x1071

Energy term (log scale)
5
Energy term (log scale)

3x10°1

0 200 400 600 800 1000 0 200 400 600 800 1000
Iteration Iteration

Fig. 4. The two terms in the energy Ep(fi) over iterations. The area-
distortion term converges to zero, and the angle-distortion term converges
to the Teichmiiller distance(red dashed line).

When two flat tori represented by (a, b), (c,d) € H? have differ-
ent areas, we can find the theoretical value of the energy of the

Teichmiiller map E(A). The two terms are ./ le (VA1dy — 1)2dA =

4/ ( % —1)2b = [Vb—Vd| and 1log g—;,where o1 and o, are the sin-
gular values of the linear transformation between two flat tori. We
test this case using ¢; (x,y) = (x, 3x+4y) and @2 (x, y) = (x, 5x+9y),
with the same initialization ﬁ, as above. In Figure 6, both terms
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iteration 223

1.0
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0.0
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iteration 556

Fig. 5. The images of the vertices ﬁ-(Fl) at different iterations. The map converges to the identity in the end, and therefore ¢, Of o @71 converges to the

Teichmiiller map.

of E(f;) converge to the theoretical values |[V4 — V9| = 1 and
% log Z—; ~ 0.4349, shown as red dashed lines.

Unequal-area flat tori

Area distortion Angle distortion

1.5x 10 — max — max
—— Logsumexp ; —— Logsumexp
T L4x 10 == target 5 2x10 target
3 3
b @
21310 @
g g
£ £
E 1.2 x 10 E
= S
8 8
2 1.1x10° o
& &
o
0 4x10
0 500 1000 1500 2000 [} 500 1000 1500 2000
Iteration Iteration

Fig. 6. The two terms in the energy Ep (f;) for the unequal-area experiment

over 2000 iterations, shown on logarithmic vertical axes. Left: area distortion.

Right: angle distortion. The red dashed lines indicate the theoretical values
from Teichmiiller theory.

We further evaluate the metric on five flat tori represented by
(0,1), (1,10), (1,0.1), (=1,10), and (—1,0.1) to assess numerical
stability and robustness to triangulation changes. For each torus, we
use two triangulations: a coarse mesh with 72 faces and a subdivided
mesh with 432 faces, giving ten meshes in total. Their pairwise
distances are shown in Table 1. The index system is organized as
pairs: indices (2k, 2k + 1) correspond to the same underlying torus,
where 2k is the 72-face mesh and 2k + 1 is the 432-face mesh. The
entries in each odd row 2k+1 are close to those in the even row above
2k, indicating that the distance is robust to triangulation changes.
The largest absolute deviation from the theoretical value occurs at

dE—dipeor
(3,7), where |dg — dipeory| = 1.58 X 107% and lEdmﬂ ~ 1.58%.
eory

This is on the same scale as the largest diagonal entry dg(9,9) =
1.50 X 1073 that can be treated as numerical tolerance.
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Table 1. Distance matrix dg for flat tori. Bold marks the entry with the largest deviation from the theoretical value.

T\T; 0 1 2 3 4 5 6 7 8 9
0 0.000020 | 0.000036 | 3.318595 | 3.318595 | 2.182890 | 2.182890 | 3.318595 | 3.318595 | 2.182890 | 2.182890
1 0.000052 | 3.318595 | 3.318595 | 2.182890 | 2.182890 | 3.318595 | 3.318595 | 2.182890 | 2.182890
2 0.000101 | 0.000237 | 5.148635 | 5.148635 | 0.099924 | 0.100580 | 5.168247 | 5.168247
3 0.000374 | 5.148635 | 5.148635 | 0.100759 | 0.101415 | 5.168247 | 5.168247
4 0.000150 | 0.000500 | 5.168247 | 5.168247 | 2.998316 | 2.998323
5 0.000850 | 5.168247 | 5.168247 | 2.998304 | 2.998311
6 0.000621 | 0.000496 | 5.148635 | 5.148635
7 0.000371 | 5.148635 | 5.148635
8 0.000316 | 0.000908
9 0.001500

4.3 Tori of revolution

For a standard torus of revolution with major radius R and minor
radius r, the parametrization is

X(u,v) = ((R+rcosv) cosu, (R + rcosv) sinu, rsinv).  (6)

We build a dataset of five shapes by fixing R = 1 and varying
r € {0.1,0.2,0.5,0.8,0.9}. For each shape, we use two sampling
resolutions on the same smooth surface: r; denotes a mesh with
20 % 10 vertices (20 along longitude and 10 along meridian), and rlfi
denotes a denser mesh with 20 x 30 vertices. Their distances are
listed in Table 2. The heatmap for rlfi in Figure 1 follows the expected
pattern: nearby minor radii (e.g., 0.1 vs. 0.2 and 0.8 vs. 0.9) have
smaller distances and appear darker.

We observe that these tori approximately lie on a geodesic in
shape space under the induced path metric. In Figure 1, for example,
the three pairwise distances among r = 0.1,0.2,0.5 numerically
satisfy triangle equality: 0.43 + 0.763 ~ 1.196. This agrees with
the geometric intuition that the sequence follows a near-optimal
deformation from r = 0.1 to r = 0.9.

We next use seven variants of the torus (R,r) = (1,0.5) in Fig-
ure 7 to compare discretization effects with genuine shape changes.
Variants (a)—(e) are different triangulations or samplings of the same
smooth torus, while (f) and (g) introduce substantial radial perturba-
tions. Figure 8 shows that our distance keeps same-shape variants
close, including (a) and its subdivision (b), as well as the denser
samplings (d) and (e). This indicates that denser discretizations bet-
ter approximate the same underlying smooth surface and remain
separated from the geometrically perturbed variants.

20x10 Subd. 30x30 40x40

Irreg. theta Irreg. phi

10x10

Fig. 7. Variants of tori of revolution with R = 1 and r = 0.5 in front, slanted,
and side views: (a) 2010 samples; (b) barycentric subdivision of (a); (c)
10x10 samples; (d) 30x30 samples; (e) 40x40 samples; (f) minor radius
varied along longitude; (g) minor radius varied along meridian.
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Fig. 8. Distance matrix of the seven tori, ordered as in Figure 7. Each entry
(i, j) is the distance between the i-th and j-th meshes.

Entropic Gromov-Wasserstein baseline. For comparison, we
computed an entropic GW (EGW) [Solomon et al. 2016] distance
matrix for the seven variants in Figure 7. We sampled 100 points by
farthest-point sampling, used normalized area weights and exact
surface-geodesic distance matrices, and ran the entropy-regularized
optimal transport solver with e = 0.005. Figure 9 shows that EGW
can distinguish the perturbed torus (g) from the other variants, with
distances around 0.052, but these values are still on the same scale
as the remaining off-diagonal entries. Compared to our distance
in Figure 8, EGW is less informative about discretization effects,
as the distance between (a) and its barycentric subdivision (b) is
4.177 x 1072, which is close to the other entries.

Dirichlet energy. As an independent check of the optimization
framework, we minimized the Dirichlet energy on the five dense tori
of revolution and compared the optimized values in Table 3 with
the theoretical Dirichlet energies of the rotationally equivariant
harmonic maps reported in Table 4. The largest relative discrep-
ancy from the theoretical value is about 0.6%. This validates the
numerical optimization pipeline. Moreover, it demonstrates that
the Dirichlet energy does not produce a metric on the shape space.
Indeed, the directed Dirichlet values are asymmetric (9.09 versus
17.57 for rf <—> rg ) and violate the triangle inequality. For example,
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Table 2. Distance matrix dg for tori of revolution.

T\T; rfl ry rg rs rg rs rg ry r;i
r 0.028442 | 0.428164 | 0.442515 | 1.179618 | 1.205273 | 1.872820 | 1.930528 | 2.230565 | 2.283417
r{i 0.422830 | 0.430210 | 1.177199 | 1.195657 | 1.897293 | 1.928980 | 2.274788 | 2.295306
ry 0.024874 | 0.752508 | 0.777550 | 1.467255 | 1.508461 | 1.836771 | 1.873121
r;l 0.751724 | 0.763383 | 1.472170 | 1.497210 | 1.850317 | 1.870128
s 0.030035 | 0.714675 | 0.760718 | 1.076982 | 1.144695
r;i 0.707069 | 0.728298 | 1.083630 | 1.101268
rs 0.043846 | 0.361732 | 0.419839
rg 0.340981 | 0.371688
ro 0.076267

o0

o0

o032

oats

0008

0000

Fig. 9. Entropic Gromov-Wasserstein distance matrix for the seven torus
variants in Figure 7. In-cell annotations are shown in units of 1072.

a triangle-inequality violation is

EDirichlet(rg_) r;i) =11.66

d d d d
>EDirichlet(r3 i 7'5) + EDirichlet(rs - rl) =7.77.

Table 3. Optimized Dirichlet energy between five dense tori of revolution.
Each entry is the minimized Dirichlet energy for the map from the source
torus (row) to the target torus (column).

T\T rfl rg rgl rg rg
r;j — | 2.484162 | 5.190113 | 8.122672 | 9.093769
rg 2.499404 — | 2.891102 | 4.245006 | 4.707621
r;i 5.475123 | 2.947741 — | 2.214375 | 2.347642
rg 11.661931 | 5.374198 | 2.293539 — | 1.991618
rg 17.573420 | 7.741899 | 2.649806 | 2.000032 -

Choices of homotopy classes. Apart from the canonical ho-
motopy class, we also tested another homotopy class that maps the
meridian of one torus to the longitude of the other and vice versa,
using the r = 0.1 and r = 0.5 tori in Figure 1. The optimized energy
was 1.832, compared with 1.196 for the class used in the main ex-
periment. It shows that different homotopy classes define different
admissible map families and can produce different minimized values
for the same pair of shapes.

Table 4. Theoretical Dirichlet energy of the degree-one rotationally equi-
variant harmonic map between five dense tori of revolution.

T\T, rf rg rg rg r9d
rf — | 2.5000 | 5.2000 | 8.1251 | 9.1112
rg 2.5006 — | 2.9003 | 4.2505 | 4.7229
rsd 5.4682 | 2.9494 — | 2.2292 | 2.3617
rg 11.5916 | 5.3663 | 2.3039 - | 2.0173
rg 17.5160 | 7.7068 | 2.6690 | 2.0235 -

4.4 Thingi10K Dataset

Pairwise distances are often used for clustering. We use eight genus-
one meshes from Thingil0K [Zhou and Jacobson 2016], grouped into
four shape categories: two rings, two rollers, two spheres, and two
circular nuts. Each mesh is remeshed to 600 vertices for uniform
resolution. Figure 10 shows the models (front, slanted, and side
views), and Table 5 reports the distance matrix.

O
95

Ring 0 Ring 1

<«

Roller 0 Roller1 Sphere 0 Spherel  NutO Nut 1

Fig. 10. Eight Thingi10K-derived meshes used in this experiment.

For each mesh pair, we compute (i) our discrete distance and (ii)
Euclidean Hausdorff distance between vertex sets after scaling each
mesh to unit area. We run average-linkage hierarchical clustering
on the two 8 X 8 matrices, summarized in Figure 11 and Figure 12.

Table 5. Distance matrix dg between the eight Thingi10K-derived meshes.

ring; rolly rolly sphy sphy nuty nut;
ringp | 0.505489 | 1.008749 | 1.143026 | 0.693118 | 0.718523 | 0.651501 | 0.612866
ring; 1.086253 | 1.062546 | 0.844025 | 0.736091 | 0.522911 | 0.498400
rolly 0.515594 | 0.831689 | 0.837155 | 0.917694 | 0.814220
roll; 0.937884 | 0.944770 | 0.751489 | 0.751060
sphg 0.568940 | 0.842467 | 0.773149
sph; 0.740319 | 0.709386
nuto 0.227391
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Fig. 11. Clustering eight meshes with our distance dg based on energy
minimization. Left: Heatmap of dg; Right: Average-linkage dendrogram for
dg.

The Hausdorff distance is symmetric and satisfies the triangle
inequality, but it is often a weak choice for shape comparison. It
depends on the embedding in R® rather than intrinsic geometry, is
sensitive to outliers and noise, and does not provide meaningful
correspondences. As shown in Figures 11 and 12, our distance dg
separates the four intended pairs at the leaves of the dendrogram.
In contrast, Hausdorff distance in R? is dominated by the large
geometric gap between the rings and the other six meshes. The
remaining structure is relatively flat, so the dendrogram does not
recover the four groups. Therefore, our distance outperforms the
Hausdorff distance.

ring_0
ring_1

roller_0 Average-linkage clustering (Hausdorff)

s

roller_1
sphere_0
sphere_1
nut_0
nut_1

distance
o N & o

|
|

nut_0
nut_1
nut_0
nut_1
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£

ring_1
roller_0
roller_1
sphere_0
sphere_1
roller_0
sphere_1
roller_1
sphere_0

Fig. 12. Clustering eight meshes with the Hausdorff distance dy. Left:
Heatmap of dy; Right: Average-linkage dendrogram for dp.

4.5 Symmetry of the Optimized Discrete Distance

The smooth energy is symmetric, that is, E(f) = E(f~!), but this
equality is not guaranteed for the discrete energy Ep computed on
a pair of discrete meshes. Mesh resolution and regularity, geodesic-
distance approximation, and optimization error can all contribute
to directional discrepancies. The following experiments on flat tori
and tori of revolution examine how directional discrepancies in the
minimized unsymmetrized energies behave under refinement. We
use E; ; to denote the directional minimized energy Ep (f) for the
map f: T; — Tj.

4.5.1 Flat Tori. Using the same ten-mesh flat-torus dataset, we
report directional minimized energies among the five 72-face meshes
and among the five 432-face meshes in Tables 7 and 8, respectively.
We also list the theoretical values of the energy of the Teichmiiller
map between the two parallelograms in Table 6 for reference. In
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each table, bold marks entries that realize the maximum asymmetry
gap |E;j — Ej;|, and italic marks entries with the maximum deviation
from the theoretical values.

Table 6. Theoretical values of the energy of the linear transformation (Te-
ichmiiller map) between the five flat tori with parameters (0, 1), (1,10),
(1,0.1), (=1,10), and (—1,0.1).

(0,1) (1,10) | (1,0.1) | (-1,10) | (-1,0.1)

(0,1) | 0.000000 | 3.318595 | 2.182890 | 3.318595 | 2.182890
(1,10) | 3.318595 | 0.000000 | 5.148635 | 0.099834 | 5.168247
(1,0.1) | 2.182890 | 5.148635 | 0.000000 | 5.168247 | 2.998223
(—=1,10) | 3.318595 | 0.099834 | 5.168247 | 0.000000 | 5.148635
(—=1,0.1) | 2.182890 | 5.168247 | 2.998223 | 5.148635 | 0.000000

Table 7. Directional minimized energies among the 72-face flat tori.

0 2 4 6 8
0 | 0.000020 | 3.318595 | 2.182890 | 3.318595 | 2.182890
2 | 3.318595 | 0.000101 | 5.148635 | 0.099990 | 5.168247
4 | 2.182890 | 5.148635 | 0.000150 | 5.168247 | 2.998318
6 | 3.318595 | 0.099857 | 5.168247 | 0.000621 | 5.148635
8 | 2.182890 | 5.168247 | 2.998314 | 5.148635 | 0.000316

Table 8. Directional minimized energies among the 432-face flat tori.

1 3 5 7 9
1 | 0.000052 | 3.318595 | 2.182890 | 3.318595 | 2.182890
3 | 3.318595 | 0.000374 | 5.148635 | 0.101660 | 5.168247
5 | 2.182890 | 5.148636 | 0.000850 | 5.168247 | 2.998295
7 | 3.318595 | 0.101170 | 5.168247 | 0.000371 | 5.148635
9 | 2.182890 | 5.168247 | 2.998328 | 5.148635 | 0.001500

The highlighted entries show where the largest numerical differ-
ences occur. In Table 7, the maximum asymmetry is |Ey¢ — Eq2| =
1.33 X 1074, and the maximum deviation from the theoretical values
is 6.21 X 107* at (6,6). In Table 8, these maxima are |Es 7 — E73| =
4.90 x 107* and 1.83 x 1073 at (3, 7). In both resolutions, the maxi-
mum asymmetry is smaller than the largest diagonal self-distance,
suggesting that the directional discrepancies are comparable to nu-
merical error.

4.5.2  Tori of Revolution. Using the same five-shape dataset with
R =1andr € {0.1,0.2,0.5,0.8,0.9}, we report directional mini-
mized energies among the five sparse meshes (20 X 10 vertices) and
among the five dense meshes (20 X 30 vertices) in Tables 9 and 10,
respectively.

From Table 9, the largest asymmetry is |E,, »,—Ey, | =10.990132—
1.163831| = 0.173699. From Table 10, the largest asymmetry is
|E,d,a — E,d | =10.361814 — 0.381562| = 0.019748. The smaller
value in the dense case shows that denser sampling of the same
smooth surfaces reduces asymmetry. The largest discrepancies occur
near r = 0.9: when R = 1 and r = 0.9, triangles on the inner
side of the torus become very skinny (near-degenerate). This can
violate the angle-regularity assumption in our convergence theorem



Table 9. Directional minimized-energy matrix for sparse samplings of rota-
tional tori (r;: 20 X 10 vertices).

T\T, r ra rs rg r9
r1 - 0.427665 1.171629 1.818593 2.189619
T 0.428663 - 0.740754 1.428485 1.792835
s 1.187607 | 0.764262 - 0.675854 | 0.990132
rs 1.927047 | 1.506025 0.753496 - 0.304562
ro 2.271512 | 1.880707 | 1.163831 | 0.418902 -

Table 10. Directional minimized-energy matrix for dense samplings of rota-
tional tori (rlfiz 20 X 30 vertices).

T\, rld rzd r? réi rgd
rf - 0.430051 | 1.196057 1.928269 2.285559
rgl 0.430368 - 0.760756 1.494182 1.862984
rsd 1.195257 | 0.766010 - 0.719315 1.092578
rd 1.929690 | 1.500239 | 0.737282 - 0.361814

r;l 2.305053 | 1.877272 | 1.109959 | 0.381562 -

(Theorem 2.1) and make the optimization less stable. In addition,
distances on a flat torus are exactly Euclidean, whereas for a torus of
revolution, we use geodesic distances approximated on a polyhedral
mesh, which can further lead to asymmetry.

4.6 Triangle Inequality of the Optimized Discrete Energy
The triangle inequality is another basic criterion for determining
whether a matrix of pairwise scores behaves like a metric. For a
discrete distance matrix M, we quantify violations as follows. For
pairwise distinct indices p, g, r, we define the triangle discrepancy
as Mpy — Mpq — Mgr. We define the maximum triangle violation by
V(M) = max

x  max{0, Mpr = Mpg = Mgr}.
p.q.r distinct

Then V(M) = 0 means that M satisfies the triangle inequality for
every distinct triple. When V(M) is positive but small, we compare
it with the scale of the matrix and with the numerical self-distances.

For flat tori in Table 1, we obtain V ~ 5.98 x 10~*, which is
below the numerical tolerance suggested by self-distances. For tori
of revolution in Table 2, the five minor radii appear to follow an
almost one-dimensional path in shape space, so some triples have
nearly additive distances and small optimization errors can show up
as triangle violations. For the sparse subset {r;} and dense subset
{r:i} of Table 2, we obtain V ~ 7.78 x 107> and V ~ 5.53 X 1073,
respectively; both are smaller than the smallest nonzero entries in
the corresponding subsets. For the Thingil0K matrix in Table 5,
V=0

4.7 Running Times

Runtime is dominated by geodesic computations. Experiments with
flat tori finish in minutes per pair, while high-resolution 3D pairs
require about 15 hours. This gap mainly comes from implementation-
level geodesic cost. Replacing edge-wise geodesic calls with distance-
field approximations (e.g., heat-method variants [Crane et al. 2017])
and restructuring exact geodesic evaluation into reusable single-
source propagation should provide substantial speedups.

Computing a Metric on the Shape Space of Tori « 234:11

5 Proof of the convergence theorem

In this section, we prove that the discretized energy Ep(f) of a
diffeomorphism f converges to the smooth energy E(f) as the
surfaces are approximated by sufficiently dense triangulations. We
also recall the quantities in the discrete energy defined in Section
2.2.

Recall the following definitions in Section 2. Given two Riemann-
ian metrics g and h on S, we define an energy functional that mea-
sures the distortion induced by a diffeomorphism f : (S,g) — (S, h).
Its energy is

B = [ - vda 4 5o 2] @

Here, A1 (p) and A,(p) are the stretch factors of f at p € S: they are
the singular values of dfj,, computed with respect to orthonormal
bases in the source and target tangent spaces equipped with g and
h, respectively. Set

_ Ai(p)
A2 (p)’

Then (R + R™Y)P = D, D(p) = ||df,|%, where || - ||r denotes the
Frobenius norm, and all these functions are smooth on S. The energy
E(f) can be expressed as

E(f) = //s(x/ﬁ— 1)2dAg + %HlogR”w. )

In practice, a surface is described by a triangulation T and a piece-
wise Euclidean metric determined by an edge-length function [; we
denote it by (S, T,I). A triangulation of a surface is a decomposition
of the surface into triangular faces A;ji, where each face A;j is a
triangle with vertices v;, v}, and vy.

For a homeomorphism f : (S, T3,1;) — (S, Tp, Iz) between trian-
gulated tori, the discrete energy is

R(p) D(p) = X(p) + A5(p).

P(p) = Li(p)A2(p)- (8)

En(f) =] D>, (1= \h(ayhe(ai)?Alag)  (10)
AijkETl
1 Al(Aijk)
+5 AﬁaEXTl 08 AZ(Aijk) ’ (11)

where A;ji is a face of Ty, A(4;j¢) is its Euclidean area, and A1 (A;jx)
and A;(4A;jx) are the two singular values of the differential df at
Ajjr determined below.

In the remainder of the proof, we show that the first and sec-
ond terms of Equation (4) converge to the corresponding terms of
Equation (9).

5.1 Setup of the theorem

To compare E(f) and Ep (f), we choose a sufficiently dense geodesic
triangulation on (S, g) and decompose the integral in E(f) over its
geodesic triangles. For any § > 0 and any Riemannian surface (S, g),
we can choose a geodesic triangulation T whose maximal edge
length is smaller than § and whose minimum angle is at least 7/5.
The existence of such dense and regular geodesic triangulations has
been established in [Colin de Verdiere and Alexis 1990], and the
choice of /5 here is for convenience and can be relaxed. Without
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loss of generality, we normalize the area of (S, g) such that A(S, g) =
1.

We fix the following notation for the rest of the paper. For a
triangulation T, let V(T), E(T), and F(T) denote its vertices, edges,
and faces. We write vertices as v;, edges as e;;, and faces as triangles
Ajjk. Let [ : E(T) — R be the edge length function of a geodesic
triangulation T. Let A;(A;jx) denote the area of a geodesic triangle
with respect to the metric g. The edge length [ and the triangulation
T determine a unique piecewise Euclidean surface (T, Ig). Here T
contains Euclidean triangles Afjk with the same edge lengths as the
corresponding geodesic triangles A;jx in (T, ). Notice that [ = Ig
and Tz = T as combinatorial triangulations. However, Al’?}k and A;ji
have different geometries. Let AE(Af’;k) = Ag(4ijk) denote the area
of a Euclidean triangle in (Tg, Ig). By Lemma 5.3 in [Wu and Zhu
2024], we can assume that the angles of Af}k have a lower bound
/6 when § is sufficiently small. Again, the specific choice of /6 is
just for convenience.

Similarly, on the target surface (S, ), let f(4;jx) be the image of
the geodesic triangle A;ji. This image is not necessarily a geodesic
triangle. Let A, (f(A;jx)) be its area on (S, h). When 4 is suffi-
ciently small, the vertices f(v;), f(v;), f(vr) determine a unique
geodesic triangle A:'jk on (S, h). Let I"(e;;) be the length of the geo-
desic connecting f(v;) and f(v;) that is homotopic to the image of
f(eij). Let Ah(Azhjk) = Ap(Aijk) be the area of this geodesic triangle
on (S, h). Let AE(Af’jk) be the area of the corresponding Euclidean
triangle with the same edge lengths.

The proof uses the following fact several times. Because (S, g)
and (S, h) are closed surfaces with smooth Riemannian metrics and
f:(5,9) = (S, h) is a diffeomorphism, the metric tensors g;; and
hij, their derivatives (including their Christoffel symbols), and the
first and second derivatives of f are smooth and uniformly bounded
by a constant C = C(S, g, h, f). The value of C may differ between
estimates below, but it depends only on S, g, h, and f.

We also use the fact that the map f is Lipschitz with some constant
C, namely dy, (f(x), f(y)) < Cdy(x,y) for any x,y € (S, g), where dj,
and d; are the distance functions on (S, k) and (S, g) respectively. For
any € > 0, we can choose § sufficiently small so that every geodesic
triangle A;jx lies in a strongly convex normal neighborhood of
(S, g) with radius of order O(e). Since f is Lipschitz, the diameter
of f(Ajji) is also of order O(e). Hence, we can assume that every
triangle f(A;jx) also lies in a strongly convex normal neighborhood

of (S, h) with radius of order O(e).

5.2 Auxiliary lemmas about lengths and areas

Recall that for a point p in (S, g), the normal coordinates centered
at p are given by the chart y — exp p(y) from a neighborhood of
0 in T,,S to a neighborhood of p in S. Points near p are identified
with vectors y € T,S, where the center p corresponds to y = 0. In
these coordinates, the metric tensor g has components g;;(y). At
the center, g;;(0) = 6;; and dxg;;(0) = 0, so geodesics through p are
straight lines through the origin in the y-coordinates. Moreover, by
the Taylor expansion in y, gi;(y) = &;; + O(|y|*) = 8;; + O(€?). It
leads to a classical fact in Riemannian geometry that the distance in
the normal coordinate ball is preserved up to O(e?) after mapping
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to the surface. Specifically, let B, (r) be a ball of radius r centered at
yin T,S. Then

Lemma 5.1. Let p = exp, (y) and g = exp, (z) with y,z € By(e) C
T.S, i.e., p,q are in the normal coordinate ball Ue = exp,.(Bo(€)).
Then dy(p,q) = |y — z| + o(é%).

Let qo, g1 be two points on (S, g) in a normal ball of radius O(¢)
centered at p € S. Let y(¢) be a smooth curve parametrized pro-
portionally with y(0) = qo and y(1) = ¢;. Lety = exp;l(qo),
z = exp;l(ql), and y(t) = expp(a(t)), where o(t) is a curve in
T,S. We show that o(t) lies on an O(e) neighborhood of the line
segment between y and z in T,,S if the second derivatives of y(t) are
bounded.

Lemma 5.2. Let n(t) = (1 — t)y + tz be the line segment and
y(t), o(t) defined above. If |y” (t)| = O(e) for t € [0, 1], then |o(t) —
n(t)] = O(e).

Proor. Define ¢(t) = o(t) —n(t) on [0, 1] and |¢p”" (¢)| = |o” (t)|.
By the property of metric tensors in normal neighborhoods, we
have [6”(t)| = O(e) from |y”’(t)| = O(€). Then we have a function
¢ on [0, 1] such that $(0) = ¢(1) = 0 and |¢”'(t)| = O(e). Rolle’s
Theorem implies that there exists a & € (0, 1) such that ¢’ (&) = 0.
Then |¢’(t)| = O(e) and |¢(t)| = O(e) on [0, 1] as well. O

Now we are ready to establish area estimates of various triangles.

Lemma 5.3. If A;ji lies in a normal coordinate ball centered at
p € (S, g) of radius O(e), then

|Ag(2ijk) — Ap(Lijk)| = O(e*),
|[An(f (Aijk)) —AE(A?jkﬂ =0(e).

Proor. We will write A = A;jx in this proof. To establish the
first inequality, let A = exp~!(a) c By(e). Then from g;;(y) =
8ij + O(€?), we have

Ay(n) = / Vdetg(y)dy = / 1+ 0(e?)dy = Ap(A) + O(e*).

Let x,y, z be three vertices of A in T,,S. Let y(t) be the geodesic
parametrized with constant speed connecting exp(y) = qo and
exp(z) = q; on (S,9), o(t) = exp~'(y(t)) and 7(t) be the line
segment parametrized with constant speed such that r(0) = o(0)
and (1) = o(1). Define ¢(t) = o(t) — n(t) as Lemma 5.2. In normal
coordinates, the geodesic equation of o is §j* = —Fi’;(y)yiy'j with
I5(y) = O(lyl) = O(e) and |g| = O(e), so |0 ()| = O(®) and
Lemma 5.2 implies that |¢(t)| = O(€*). Geometrically, it means that
the curve o(t) lies in an O(€®) neighborhood of (), which has
the area O(€e®|y — z|) = O(e*). Therefore, let A7 be the Euclidean
triangle determined by x, y, z in T,,S, then the O(e*) neighborhood
of At contains A, and

|Ag(8) = Ap(aT)| < |Ag(2) = Ap(B)| +]Ap(R) — Ap(ar)| = O(€*).
On the other hand, A1 does not have the same edge lengths as
the geodesic triangle A = A, but their lengths differ by O(€?)

by Lemma 5.1. Specifically, let (a, b, ¢) be the side lengths of AT, so
a,b,c = O(e). The Euclidean triangle Afjk has side lengths

Liz, Lys, L3y = (a,b,c) + (O(€%), 0(€®), O(€?))



We then compare the two Euclidean areas by Heron’s formula:

Vs(s —a)(s —b)(s — c),
By the mean value theorem,
|A(L12, ng, L31) - A(a, b, C)| < sup |VA| 0(63).

One has ‘Z—A = 7 cota (and similarly for b, ¢), where « is the angle
opposite to a. By the minimum angle bound a, f,y > 7/6, cota is
bounded and |VA| = O(e). Hence,

|Ap(2) = Ap(a)] < O(€) O(€°) = O(e*),

and therefore |Ay(A;jx) — Ap(Aiji)| = O(e*).

The idea of the proof of the second inequality above is similar. The
only difference is the definition of y(¢). Let £(¢) : [0,1] — (S,9)
be the geodesic connecting qo and ¢; above and y(t) = f(&(t))
connecting two vertices f(qo) and f(q1). Notice that the bound on
the derivatives of f implies that the length of y(¢) is of order O(e),
so |y’ (t)] = O(e) and |y” (t)| = O(€?). Then repeat the computation
above with Lemma 5.2 and we have |A,(f(a)) — Ag(a7)| = O(€?),
where A7 is the Euclidean triangle in Tr(,)S and f(A) is contained
in some normal neighborhood of f(p). O

A(a,b,c) = s=(a+b+c)/2.

5.3 Convergence of the first term

In this section, we prove

Proposition 5.4. Let (S, g) and (S, h) be two Riemannian surfaces,
and let f : (S,g9) — (S, h) be a diffeomorphism. For every n > 0,
there exists § > 0 such that, for every geodesic triangulation T of

(S, g) with maximal edge length smaller than § and minimum angle
at least /5,

/(\/P(x - 1) dA Z(l - P(A )ZAE(Aljk) <n.

Ajjk

Here, A;ji is a geodesic triangle in T, P(Afjk) = AE(AZ.k)/AE(A,-jk),
and P = P(x) = det(dfy) is the Jacobian.

To this end, we first estimate the pointwise difference between
P(x) and P(AiEjk) by the area estimation.

Lemma 5.5. Define

h
AE(Aijk) B Ap(f(2ijr))
Agp(2ijk) Ag(agr)
=O(e) for every A in T.

Ti2(2) =

Then |Tio(Agjk)]

Proor. Notice that
AE(AUk) Ah(f(Aka))

Tiz(2) = Ag(Aijr)
. An(f (2 (Ag(2ijk) — AE(4jk))
Ap(2iK)Ag(Lijk)

By Lemma 5.3, |AE(AUk) Ap(f(24%)| < Ce* and [Ag(2ijk) =
Ag(4;jr)| < Ce*. Using the minimum angle bound of 4;jx, we have
Ag(4ijk) 2 Ce? and A g(Dijk) = Cé? for small €. Then the ﬁrst term
is of order Ce®*/Ce? = O(e). The second term is O(e?) - =

CEZCEZ
0(€e?). Hence |Ti2(a)]| = O(e). ]
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M)
Lemma 5.6. Define T5(4;jx) := A (orrr)

as the barycenter of A;j; with respect to dAy, then |T3(A)] = O(€?)
in Ajji in the triangulation T.

—P(x,).If x, is chosen

Proor. We write A = A;j in this proof. Then An(f(a)) =
fA P dA,. Tts Taylor expansion gives P(x) = P(x,) + VP(x,) - (x —
x4) + Ra(x) with |R, (x)| < Ce?. Integrating over A, we have

An(f(Big0) = / PdA, = P(xs) Ay(8)
+/VP(xA) (x —xa) dAg + O(€®) Ag(2).

With the barycenter choice, fA (x —x4) dAy = 0, so the linear term
vanishes and the result follows. |

Corollary 5.7. There exists C > 0 such that for all A;;; € T,
|P(A5k) — P(x4)| £ Ce.

ProOF. It is straightforward since P(Aﬁ.k) — P(x,) = Tia(A) +
T;(2) = O(e). ]

Now we prove Proposition 5.4.

Proor. Fixn > 0 and for each A, take x, € A; jx to be the barycen-
ter. Notice that

J PG - viaag = 3 [ (PG - vaa,

=3 [ VR = 0f = (VPG - 0+ (VPG - 1

Since P > 0 is a smooth function on S, it is bounded away from zero
and above, and |P(x) — P(x,)| = O(e) for any x € A;j; contained
in a normal ball of radius e. Since ®(t) = (1 — V)% is Lipschitz on

compact intervals in the positive real line, (4/P(x) —1)%— (y/P(x,) —
1)2 = O(e). Therefore, we have

‘/(\/P(x —1)%dA, - Z / (VP(x,) - 1)%dA )
Ajjk
=0(e) - Areay(S) = O(e).
Hence, we only need to estimate

PUIENCTRIZHIEED) [ (G - 17as,
Ajjk

Ajjk Ajjk

= > (1= \JP(aE ) Ap(ay) = (VP(xa) = 12 Ag(8i50)-

Ajjk

For every term in the sum, from Corollary 5.7, we have
(1= \JP(A] )P AE(dik) = (WP(xs) = D*Ag(dijr)  (12)
== JPED? = (VPG = D) Ap(ai0) (13)

+(VPGa) = D2 (A0 = Ag (810 (14)
=0(e)0(€?) + 0(e*) = 0(€%). (15)
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Take the sum over triangles and notice that the number of triangles
in the triangulation is of order O(e2); we have

| Y- JPehasem - Y, [ (PG -
Ajjk Ajjk Ajjk
= Z 0(*) = O(e).

Therefore,

J PG =17, = 3 1= P60 s oi0| = O

Ajjk

This completes the proof. o

5.4 Convergence of the second term
In this section, we prove

Proposition 5.8. Let (S, g) and (S, h) be two Riemannian surfaces,
and let f : (S,g) — (S, h) be a diffeomorphism. For every n > 0,
there exists § > 0 such that, for every geodesic triangulation T of
(S, g) with maximal edge length smaller than § and minimum angle
at least /5,

max |logR(Aijk)| — sup ’logR(x)\ <n.
Ak €T x€S

Here, R(A;ji) is defined in Equation (3) and R(x) = A;(x)/A2(x) is
the ratio of singular values of df;.

We have studied P(x) and its discrete counterpart in the previous
section, and now we discretize dfy and D(x) using a dense geodesic
triangulation. For any triangle A;j in a geodesic triangulation T
of (S, g), we approximate dfy in A;ji by the differential at a point
Xa € Ajjk. Here x, is not necessarily a barycenter.

Assume that every triangle of T is contained in some normal ball
of radius O(¢). In normal coordinates at x, let ¢4 be the exponential
map at x, on (S, g). Let ¢y, be the exponential map at f(x,) on (S, h).
Set f = qﬁgl o f o ¢g. Let yi, y;, yx be the coordinates of the vertices
of Ajji via ¢4 The tangent triangle Ar has edges u; = y; — y;
and u; = yi — y;. Its image edges are ii; = f(yj) - f(yi) and
i, = f(ye) — f(y;). In matrix notation, the affine map F, with
dFa[uy up] = 4y tiy] satisfies dF, = GTE;l = Jr.Here Gt = [1; Us]
and Er = [u; up]. The matrix Jr is the Jacobian, and the subscript T
means that these quantities are on the tangent space Ty, S.

On the other hand, R(A;j) is determined by an affine map be-
tween two Euclidean triangles with the same edge lengths of geo-
desic triangles A;j; and Af‘jk respectively. As in the smooth case in
Equation (8), it can be computed from D(A;j) and P(4;jx) by
D(Ajjk)

P(aijr)’
For this affine map between Euclidean triangles, the Dirichlet energy
D(ajjk) [Pinkall and Polthier 1993] is

Q(Ajk) = R(Agjk) + R (Ag) =

D(4jjk) = (cotal? + cot BI + coty I2),

1
2Ag(Aijk)
where Ag(2) is the Euclidean area of the domain triangle with side
geodesic lengths L;, a, B, y are the angles of the comparison triangle
with side lengths L;, and I; are the geodesic lengths of image edges.
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In our case, two Euclidean comparison triangles with side lengths
L;in Ajjk and [; in A:‘j . are embedded in R2. They determine another
affine map given by the edge matrices Eg = [v; v2] and Gg = [0; 0]
and its Jacobian Jg = GEEEI, Then D(4;jx) = ||]E||§., Here Jg is the
Jacobian, and the subscript E denotes quantities associated with the
Euclidean comparison triangles. It remains to estimate the difference

among D(ajx) = Jell%, D(x) = lldfellZ, ldFsll} = lrl3-
Lemma 5.9. Let A;j; be a geodesic triangle with an edge length e.
In the notation above, ||Ex — E7||r = O(€?), ||EEl lF = 0O(1/€e) and
||E;1 |lF = O(1/€). Similar results hold for Gg and Gt as well.

Proor. Recall that Eg = [v; v;] and Er = [u; uz]. By Lemma
5.1, we have |uy| = |o;] + O(€?), |uz| = |vz] + O(€®) and |u; — uy| =
o1 — vz| + O(€®). Thus ||Eg - ET”% = lug —v1]* + luz —0|* = O(€%),
so ||Eg — Er||r = O(€?). To bound the inverses, notice that

a b _ 1 d -c
ET:(C d)’andEledetET (—b a)'

1
| det E7|?

By the uniform lower bound on the angles of the triangle A; i, we
have |u;| > Ce, |uz| > Ce, and sin§ > C > 0. Therefore,

Then

[IET2 = (a® + b+ %+ d%),

lug|? = a®+c? = 0(€?) = |up|?, and | det Ex| = |uq||uz| sin 8] > Ce?,

and
IIEZ' 1|7 = O(1/€?),and ||EZ ||} = O(1/€%).

O

Lemma 5.10. In the notation above, ||Jz — Jrllr = O(€?) and
|||dFA||F — |ldfx, ||p| =O(e) for any Ajj in T.

Proor. We have
Jg = Jr = GEEg' = GrE;' = Gp(Eg' — E') + (Ge — Gr)Ef.

By Lemma 5.9, || Eg—Er||r = O(e*), | Ex ' IF = O(1/€),and | E;'[|F =
O(1/e€). Then

IEz" = E-'llF = |IE5" (Er — Ep)E7' I
<|IE;'IIF IEr — EllF IEZ IF = O(1/€) - O(€®) - O(1/€) = O(e).

Therefore, ||Ge(E;' — E;DIF = O(e) - O(e) = O(€?) and ||(Gg —
Gr)Er'|IF = O(€%) - O(1/€) = O(e?). We have || Jg — Jrllr = O(€?).

For the second estimate, the Taylor expansion in normal co-
ordinates gives f(y) = f(O) + df; y + O(ly|®). Apply it to yi, y;,
we get @ = f(y;) - f(y) = dfy (y; — i) + O(¢?). Similarly,
iy = dfy, (yx — yi) + O(€?). Thus the matrix Gr = [#; 2] sat-
isfies Gy = dfy (Er) + O(€?), hence J; = GrE;' =dfy, + O(e*)E;".
As shown in Lemma 5.9, |Ez || = O(1/€), so || Jr — dfs, llF = O(e).
Therefore ||| Jrllr = ldfe, £ < [l/r = dfx, IIr = O(e). o

Proposition 5.11. |[D(4;x) — D(x,)| = O(e) and [Q(A;jk) —
Q(x4)| = O(e) for any triangle A;jx in T, where D(x,) = ||dfx, ||fT
and Q(xa) = D(x4)/P(xs) = R(x) + R(x5) 7"



Proor. Since D(A;jx) = ||]E||12D and D(x,) = ||dfy, ||%, we have
Jell% = l1dfx, 17 = (Uelle = lldfe, lE) (el +ldfx, Nl ). By Lemma
5.10, [|Je = Jrllr = O(€?), 50 lJellr = lJr +O(e®)|Ir = IJrllr+O0(€).
Similarly, [|JrllF = ldfx,|IF + O(€). Thus |[JllF — lldfx, |lr = O(e).
Because f is a smooth function on S, ||df, |[F = O(1) and so || Jg||r +
lldfx, lF = O(1). Thus |D(a;jx) — D(x4)| = O(e).

Meanwhile,

D(4ijk) — D(xa)
[Q(2ijx) — Q(xa)| = Playe)  Plxs)
ID((44k)) = D(xa)| P(xs) + D(xs) [P(2ijx) — P(xa)]
B P(XA)P(Aijk) '
By Corollary 5.7, |[P(4;jx) — P(xa)| = O(€%). On S, P and D are
bounded from below and above. Hence, |Q(4;x) — Q(xa)| = O(e).
m|

Proposition 5.12. |R(4;jx) — R(x4)| = O(+e) and |log R(A; k) —
log R(x4)| = O(+/e) for any triangle A;j; in T.

Proor. ForR > 1,Q = R+R™! > 2 with equality if and only if R =
1. Also, notice that R(p) is bounded above by some M > 0 on S. The
. . . Q+\/@ . .
inverse function is R = ¢(Q) = =—5— for Q > 2. We claim that if
Y1, Y2 € [, M] with y; = #(x1) and y, = ¢(x3), we have |y; — y2| <
Mn/|x1 = x2]. Then |Q(4;jx) — Q(xa)| = O(e) in Proposition 5.11
implies that |[R(2;jk) — R(x4)| = O(+/€). Furthermore, for a,b > 1,
|loga—logb| < |a—b| by the mean value theorem, so | log R(A;jk) —
log R(x4)| = O(Ve).

It remains to show |y; — y2| < M+/|x1 — x2|. Assume without loss
of generality that y, > y;, then
y1yz — 1

viyz
Since y; > 1, we have y1y2 — 1 > y2 — y;, and since y;, y2 < M, we
have y;y, < M2, Therefore,

(y2—y)°
Xy — X1 = sz_Zyl’ and y; — y; < M/x; — x3.

x2 —x1 = (Y2 —y1)

Now we are ready to prove Proposition 5.8.

Proor. Let ¢(x) := |logR(x)| and ¢(2;jx) = |log R(Ajk)|. By
Proposition 5.12, [#(4;jx) — ¢(xa)| < |log R(Ajx) — log R(x4)| =
O(+e) for any A;ji in T. Assume that ¢(x) achieves its maximum
at xg € Ajji for some A;jr in T. Set x5 = xo and [p(A;k) — P(xa)| =
|log R(4;jk) — log R(x4)| = O(y/€). Meanwhile, the maximum over
the finite set of triangles satisfies

mAaxd’(Aijk) = mAaX¢(xA) +0(Ve) < ¢(x0) + O(Ve).
Hence, [max, ¢(4;jk) — sup,cs $(x)| = O(Ve). |

6 Limitations and Future Work

Theory of metrics on spaces of discrete shapes. It remains
unclear whether the theory of metric structures by minimizing ener-
gies over diffeomorphisms for smooth surfaces has a direct discrete
counterpart. A natural starting point is to define a discrete shape as a
geometric realization of a fixed abstract triangulation. In this setting,
Ep(f) is well-defined for piecewise linear homeomorphisms f that
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preserve the triangulation, and the three metric properties follow di-
rectly. This assumption on triangulations, however, is too restrictive
for practical shape comparison, where shapes often have different
triangulations or connectivity. If different meshes are allowed, the
minimized discrete energies in opposite directions need not agree
at finite resolution because the source triangulation determines
the per-face sampling and area weights. Mesh quality, nonconvex
optimization, approximate geodesics, and floating-point error can
further disrupt symmetry and the triangle inequality. Developing
a comprehensive theory of discrete shapes, maps, and metrics in
this setting, including exact symmetry and the triangle inequality,
therefore remains an open problem.

Applications to Complex Real-World Data. Our experiments
focus on synthetic tori and scanned objects with clean genus-one
topology. More complicated data, such as vertebrate bones [Bennani
et al. 2016], introduce noise, self-intersections, incomplete surfaces,
and topological issues that complicate preprocessing and compari-
son. In addition, meaningful comparison in such domains depends
on biological or application-specific criteria beyond geometry. Ex-
tending the framework to these settings will require both more
robust geometric processing and richer problem-dependent metrics.

Extension to Higher-Genus Surfaces. It is natural to extend
the current framework to compare higher-genus surfaces, although
the topology and geometry of surfaces with genus at least two in-
troduce several difficulties. First, for a higher-genus surface, the
construction of Dey et al. [2013] does not necessarily produce a
system of loops with a single common base point; the homology
generators in the resulting cut graph can instead have multiple
base points. The chosen cut system determines the boundary and
side pairings of the fundamental polygon and therefore changes
the identification constraints that the optimization must preserve.
Finding homology generators is not the principal obstacle, but a cut
graph that works readily with our framework is not always avail-
able. Moreover, whereas our genus-one method uses a Euclidean
square whose opposite sides are identified by translations, a natural
construction for genus g > 2 uses a hyperbolic 4g-gon with paired
sides related by Mobius transformations. Constructing this polygon,
maintaining its side identifications, and optimizing consistently in
the hyperbolic disk are the main computational complications. The
smooth theory is established in [Luo 2021], but an efficient discrete
implementation remains future work.

Extension to energies with extrinsic geometry. An inter-
esting direction for future research is to add terms from extrinsic
geometry, such as the second fundamental form and mean curva-
ture, to our energy to produce a metric structure on the space of
surface embeddings. However, ensuring that all three metric axioms
hold is generally difficult. This extension requires quantifying how
maps distort the surface normal at each point of a surface in R3.
We would therefore need to consider more complicated maps, such
as immersions of surfaces into R?, and their energies instead of
diffeomorphisms between surfaces.

Computational Efficiency. The current implementation is effec-
tive but not yet competitive for large-scale implementation. Beyond
the geodesic bottleneck (Section 4.7), possible improvements include
GPU parallelization, faster spatial data structures for point location
in the fundamental domain, and multiresolution optimization.
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